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Abstract - The in-pl.me microbuckling ofa fully bonded cross-ply laminate composite is considered.
The problem is formulated by treating the composites as a single phase inhomogeneous continuum.
The liber and the matrix. are accounted for by spatial variation of the moouli of the two phases.
The variation of material properties is expressed by a Fourier series exp'lnsion in the coordinate
directions. Similarly the buckled mooe shapes are thought t)f as three-dimensional Fourier series
that satisfy the governing dilTerential equations. Thl.'SC equations arc obtained by superposition of
small displ.l\:ements on the finite pre-buckled clastic state.

Our results corroborate the results of L"goudas t" ul. (1991, J. Ilppl. Mt·(·h. 58, 473-479) whit:h
deals with a two-dimension"l plane strain situation. In the )-[) case. the effect tlf ply I(lyup on
buckling strength under uni:llIi(l1 :md bi(lx.ial compression is determined. The solutions for the
eritit:al comlition determined by dilTerent modes of buckling and certain physic(ll pammeters under
hi"xi"l c\l/nprcs.~ion .In: also stUdied.

I NTRO[)UCTION

Due to their high strength to weight ratio. composites arc being used more frequently in
lightweight structures. such <IS sp<lce stations. aircraft, submarines. etc. A large amount of
rese.m;h has been performed to construct theories of the behavior ofcomposites. However.
an area where the traditiomtl approach has been found to be inadequate is the compressive
strength of composite structures, where the compressive failure might occur as both long
and short wavelength buckling. A well known feature of the microstructural compression
failure is the occurrence of microbuckling and subsequently sudden reduction in the effective
compressive strength of the composite. It is widely believed that the fiber buckling plays an
important role in the failure phenomenon.

Rosen (1956) considered the stability of a two-dimensional array of layers of fibers
bonded to an elastic matrix. An important result that follows from this analysis is that for
low Iiber volume fraction the extensional buckling mode is the dominant mode of buckling.
while for high Iiber volume fractions (> 20%) the shear buckling mode is predicted. Chung
and Testa (1969) modeled the fibers as beams in an clastic foundation. Similar buckling
modes and failure loads to those in Rosen's model arc indicated in their analytical and
experimental results. Recently. Swanson (1990) considered a 3-D model that includes the
effect of resistance of the adjacent plies on the buckling strength of laminas with axiallibers.
He indicated that the apparent strength of the axial plies depends on the total laminate
layup and that the adjacent plies provide additional shear resistance to fiber microbuckling.
Lagoudas e( ell. (/991) developed a 2-D microbuckling model that treated the composite
as a single phase and as an inhomogeneous clastic solid. The influence of imperfections is
modeled as fiber waviness with a free wavelength parameter. Their results show that
compressive strength is substantially lower than predicted by Rosen's analysis. This new
approach to microbuckling is also the basis of this paper. It is known that there are
situations when in-plane microbuckling requires three-dimensional modeling such as the
cffect of adjacent layers or various patterns in the periodic arrangement of the fibers. In
this study, a thrce-dimension.1I structure, i.e. compositc plate composed of a number of
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Fig. I(al. Contiguration of the structure.

thin laminas. is considered. An clement cut from this kind of structure is shown in Fig.
I(a). As seen from this figure. even if the dimension in one of thc three directions is tinite,
in the X! direction say. at the micro-structural scalc. local buckling takes place at distances
far from the houndary. Therefore. for compressive strength primarily the axial Young's
modulus needs to be represented LIS a variable quantity. The Fourier series with a wavekngth
equal to the average spacing betwecn tibers is used to take into al.:l.:ount the periodidty or
the microstructure. In this model a liber is replal.:ed with a rel.:tangular strip of the same
width as the ply and same area as the liber. The strul.:tun.: I.:onsists of homkd laminas with
oand l}O liber orientations. The oel.:urn:m;e or microhm:kling in the .r ~ diredion is prevented
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by the adjacent plies. The weak planes arc the planes of the laminas to which the buckling
modes of fibers are confined. It is mentioned here that the phenomenon of composite
delamination is not considered in this paper because it requires the measurement of an
interfacial bonding parameter (interface strength) and in some cases [e.g. Steil' (1988)] the
extent of initial debonding. which is not the topic of interest in the present analysis.

Results of the present analysis show that under certain conditions critical strain of the
simplest possible approximation reduces to Rosen's classical results (1956) for compressive
buckling strain of fibrous composites in the shear buckling mode. Moreover. it shows that
in the absence of cross plies the critical strain depends on the assumed fiber imperfections.
The minimum value of the .compressive strength occurs in the limit of vanishingly small
wavelength of imperfections. It is also observed that the resistance to fiber buckling of the
composites can be improved by increasing the shear modulus of the matrix. Our results
also show that under unia,xial compression additional resistance to fiber buckling is provided
by adjacent plies as the thickness of these plies increases which was also found by Swanson
(1990). However. it is observed that for prescribed nonzero strain in one direction. the
buckling strain in the other direction will increase withinan interval and thereafter decreases
with the thickness of these laminas with transverse fibers.

BASIC FORMULAE

We consider a three-dimensional structure consisting of laminas with 0 and 90' fiber
orientations with resped to the vertical as shown in Fig. I(a). The Cartesian coordinates
ofa material point of the continuum are represented hy X. X = (X,. X~. Xdr . [n the absence
of hody forces the equation of equilihrium is (Malvern. llJ6lJ).

v·rr,v'l=o. ( I )

where V is the gradient operator in the Cartesian coordinate frame X; x is the position
vector after deformation; T is the sewnd order Piola Kirchhoff stress tensor. The six
components of the stress tensor T arc denoted by (1 which is related to the Green -Lagrange
strain/: through an orlhotropic linear elastic Hooke's law that dclines the material behavior
(Appendix 1\).

For .t periodic matrix structure shown in Fig. I(a), the v'lriation of Young's moduli
E" anti E \ \ can be expressed hy the following Fourier series (Appendix B) :

, nnX,
E 1 ,(X,. X ~) = /:." ,(X, )(,.·~/r~)+ E'~\( I - r'~/rJ + [E11 (X 1 ) - £~d L o:~~l cos -_:. (2b)

n::1 I '2

where the superscripts v and h refer to the laminas in which the fibers arc oriented in vertical
(X'd and horilOnt.d (X,) directions respectively; E'I' and £~1 arc the effective Young's
moduli of the laminas with verticalfihers and of horizontal libel's and arc assumed constant.
Also £::'; tlX d and /;.",( X,) are the axial Young's moduli of the laminas with the horizontal
and vertical fiber directions and can themselves be represented as Fourier series in the X)
and X, directions respectively:

T. nn:(
!:h \') _ [[: ( .' I ) E (I . / )] (E E)" 1.\1 _ 1~ , I {. \ - ·f I '/ r t + '111 - r, r\ + r - m L.:1.. COS

n"" 1 '.'

(3a)
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Here 'X~') = (2/ntt) sin (ntt,;/,,). i = J. 2.3; Er and Em are the Young's moduli of fiber and
matrix respectively. As shown in Fig. 1(41). we note that the spacing ratios "/" and 'J/';
denote the fiber volume fractions C;: and C~ of the layers with vertical and horizontal fibers.
respectively. Also. Y zand 2'1 are the thickness of the laminas with vertical fibers and the
distance between the midpoint of two plies with vertical fibers separated by one ply with
horizontal fibers. respectively. Thus. the thickness of the layers with horizontal fibers is
given as (2'1- 2'~). The ratio '':./'1 is then the normalized thickness of the lamina with
vertical fibers that is present in one period (2'1) in the Xz direction.

Prior to buckling. the body is assumed to be in the state of plane strain with tI, = UI(X,)
and UJ = lIJ(XJ) being the only nonzero components of displacements.

Equilibrium requires that til = -GIXI and U; = -a;XJ where al and aJ are constants
assumed to be positive to signify compression. Superimposing the incremental displacement
U. U = (V,. V:. V,). upon the pre-buckling displacement field. we have

til = -aIX, +r.V,(XI. X:. X,).

Uz = r.VZ(XI.X:.X,).

11., = -U,X.,+f:V,(XI.X:.X,,).

(441)

(4b)

(4c)

where I: is a small parameter. The Green· Lagrange strain components arc determined to
be

I::: = I:V:. 2 +0(1::). (5b)

1:.1, = (-al+1a~)+r.(I-a.1)UI,1+0(l:2) == -d+I:(1-2d)I/2Vu +0(e 2
). (5c)

21:Z1 = 1:[ V 1.1 + (I - 2") 1/2 V;.2l + 0(e 2
). (5d)

21':13 = 1:[(1-2h)1,2Vu +(1-2d)' 2V3.d+0(1:2). (5e)

21: 12 = 1':[(1- 2h) 1,2 VI.! +V 2. d+ 0(e 2
). (Sf)

Also the position of ~I material point is given by

x = u+X == Ax+tU.

where

A = diag [( 1-2h) 1/2. I. (1-2d) ,.1l

(6)

and a, = 1-(1-2h)'12 and a., = 1-(1-2d)l2. For 0 ~ (h.d) ~ 1 we have 0 ~

(al.a,) ~ I. We substitute eqns (2)-(6) with the components of the stiffness matrix L
defined by Appendix A into eqn (1) and note that the zeroth order equations arc identically
satisfied while the first order equations yield

2'U=O. (7)

where 2' is a 3 x 3 symmetric matrix operator that is defined in Appendix C. Since the
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occurrence of microbuckling in the X~-direction is prevented by the adjacent plies. we
assume C~ = O. The weak planes are the planes of the laminas to which the buckling modes
of the fibers are confined. Based on the above assumption eqns (1). in the X, and XJ

directions. become

!I'll V, +!I' 1J UJ = O.

!I',)U I +!f')JUJ = O.

while in the X~ direction we.have

where

h, = (1-2h)1 ~(G,~+Ed.

K, = (I - 2d)' ~(Gv+ E~J)'

The nonzero incremental displacements arc assumed periodic in thc X zdirection as:

, jrrX!
U I = L 11, cos -----.

J-O r-:

(8a)

(8b)

(9)

(lOa)

(lOb)

with the codlicients A, and Il, periodic functions of X, and X, which tcmporarily arc not
explicitly stated. We noted that (9) togethcr with ( 10) imply existcncc of potential functions
V,(XIoX.t>.i= 1.2.3..... suchthat

DVj

B, = -K .'-'- i = 1.2.3•... ,, DX, • (I I)

whcre A II and BII remain unrestricted. Substitution of (10) and (II) into (8) leads to

L • r
:I' , , U 1 +!I' ,)U, =: L C, cos !r:.'_.~ = 0,

,-II r~

(12a)

(12b)

where the coemcicnts C and D arc defined dilTerently for j =0 andj ~ I. We have for j = 0:

en == {J II (.\',)A U.II + {J I !(X, lAn.I.1 + h1.IBu. I .I

r ~

+~KI{lIl(Xd L :x~!IVtt.)II+~KJPI4(XI) L cz~~)Vtt.JJJ =0. (12a,)
n_1 n*'

~ ~

-~hl{l\l(X,) L :x~!IVtt.III-~KIPJ4(X,) L :x~!)Vtt.IJJ =0. (12b,)
If""' I n"" I

and for j ~ I:
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~

-K,b l )V,.)II+ K3Pd Xd V,.JJJ+!K) L ([:t:f~.I[u(j-n-l)
,,=1

(
irr)C

-K,b,c ;:-; V,.) = O. j = I. 2. 3....•
( 12ac)

~

- K,h ,)P·}.I H - KIP 31 cr,) V;. I II - !K, L {[:t:,c~.I[U(j -n - I)
fJ= I

+u(n - j - 1)]( I - <5;.) + :t:;~.IJ(P ))(X)) V•. , II +P.1~ (X, )V•. II)]}

+K,h)c(~}Vf.1 =0. j= 1.2.3....
( 12bc)

Here the subscript l.i-1I1 has the usual properties that Ij-nl = j-II for .i ~ II and
1J-1I1 = n-j for .i < n: the function U(j-II) is defined as u(j-n) = I for j ~ nand
u(j - n) = 0 for j < II; and <5",. is the Dimc delta symbol. The coellicients /J 11.// I!•...• and
hi!' b l • and h , ! are given in Appendix D. It is noted that the coellicient functions C; and
D, must identically v.tnish. Vanishing of Cs and Ds provides two infinite sets of equations.
Each member of thcse sets is to he further expanded as a Fourier series in the remaining
two directions. i.e. X, and XI' Observing (12) we find that these equations admit more
symmetries in solutions in the X,. X, plane than the shear and the extensional modes
obscrved in the two-dimensional plane strain case. These symmetries can he expressed in
terms of oddness or evenness of A,,, lJl) and V". II = 1.2.3..... as functions of X, and X \
and can be given in tabular form. There arc four possible symmetries as given in Table 1
and illustratcd in Fig. I(b).

Corrcspondingly. the functions AI). ill) and V" can be expressed in Fourier sine or
cosine series that rel1ect those symmetries. It is noted that the mode shapes assumed in
cases I and 2 arc analogous to the modes of buckling introduced by Lagoudas c{ al. (1991)
for compressive strain of fibrous composites in the shear and extensional buckling modes
respectively. The buckling modes of A0. Bo .tnd V" for each case are assumed to be:

Ao = L L A,k't';~.
1-0 k ~ 0

BI) = L L B,k(P;~.
1-"" 0 k. "" II

,
V. = L L V;~(P;~.

I ~ I) k ~ I)

( 13a)

(13b)

( 13c)

where the superscript III. III = 1.2.3.4. is the number of the corresponding case; A'b B'k

and V~ and correspondingly 't';~. (P;~ and (P;~ are the amplitudes and the mode shapes of
Ao• Bo and V•. respectively. for the cases 1-4 given by Table I. Here i and k.

Tahle 1

Case 1 Case ::! Case 3 Clse4

X, X, X, X, X, X, X, X,

Ao even odd odd even even even odd odd
8 0 odd even cven odd odd odd even even
V. even even odd "dd even "dd (,dd even
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i, k = O. 1.1, ...• '::(), are the rtumber of the harmonic functions in the X I and Xl directions.
respectively. The harmonics 'f'::. cp:k. and t/J7; are given as follows:

(14)

Substitution of (13) into (12). after some manipulations. results in the following algebraic
system:

Mma = 0, m = 1.2.3,4. (15)

where Mm and a are the coefficient matrices containing the unknown strain parameters h
and eland the amplitude vector. a = (Ail, Bib V;k}T. respcctively. A nontrivial solution a of
(15) ex.ists when

IMml =0, m = 1,2,3.4. ( 16)

The critical value of the compressive strain h for prescribed el (or of d for prescribed h) can
be obtained as the smallest positive root of (16).

Turning attention to (12) we identify the leading approximating system us the two
equations Co = 0 and Do =°with only the functions All and Bu being present and all
Vn = O. This system is:

ell == /11I (X,}AIl,1 I +/JdX,}An•H +h ll Bu. fJ = O.

D II == /IJI(Xl)BIl.ll +/In(XI)BIl.H+hoAo,l.l = 0,

( 17a)

(l7b)

which reduces to the two-dimensional system considered in Lagoudas ('( al. (1991) by
setting either'2 = '2 and h = 0 or,; =0 and d = O.

The simplest possible approximation to a solution of (17). for each case. is obt4lined
when the terms with either i =0 and k = I or i = I and k =0 are nonzero and ull other
A.. and Bfk are set to zero. In that case the following possible solutions are obtained:

Casl! I
Either

or

Casel
Either

or

$AS 29:24-H
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Case 3
Either

I. G. TADJBAKHSH and Y. M. W~:-;G

( 19b)

or

Case 4
Either

or

It is noted that in the 4Ibsence of the plies with horizontal fibers (r'2 = (2) and without
compression in the XI direction (h = 0) eqns (18a) and (20a) coincide with Rosen's classical
result (1956) for compressive buckling strain of fibrous composites in the shear buckling
mode. That is. they reduce to

2G ,., Gill
d = • ~ -'----.~,

C II ErCr(I-Cr)
(22)

where the subscripts f4lnd m denote the fiber and the matrix. respectively, Similarly. without
the plies with vertical fibers ('2 = 0) of the composite. the same buckling strain of shear
mode of fibrous composites as derived from Rosen's analysis (1956) can be obtained from
(18b) and (21 b) when compression is applied in the XI direction only (ti = 0). As mentioned
previously. the vanishing of the coefficient functions Cj and D,. j = O. I, 2....• in (12)
provides two infinite sets ofequations in the X2 direction. Therefore. not only are the larger
values of i and k of (14) taken into aecount (more nonzero terms in XI and X J directions)
but a higher value of j is used in (12) (more sets of equations). It should be noted that the
potential functions Vn are not present in the leading approximating system U= 0; eqn (17»)
but they appear in the system for j ~ I. Therefore. the approximating system for j = I
consists of the four equations Co = O. Do = O. C I = 0 and D1= 0 with All. BII and VI being
present. and is given by:

Co = fJll(X.dAo,11 +/112(XdAoH+hIJBu,I.1

+ ~KJ{JIJ(XJ)a.\2) VI,JII + !KJfJI4(Xda,\2) VU,IJ = O. (23a)

Do = /I.lI(XJ)Bo,11 +{JJ2(XdBu,J.I+hl.lAII.I.I

- ~K"IJJ(X.I)(x!,2) VI.I II - ~KI/1.14(XI)a,(12) V\.I.lJ = O. (23b)

C I = II II (X1)a.(1
21 A 11,11 + II 14(XI)a.\2)AII,.IJ + (K.l1I II (X.d

- Klhl.l) VUII + ~KJII IJ(X.I)a,~2) VU11 + K)II dX,) VUJJ

+ ~K.l1I I J(X I )a.(12
) V\.J.IJ - K)h 12(~YVU = O. (23c)
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It is mentioned here that the results reported in this paper are based on the system
given by (23). The values of i and k in the harmonic functions 'f';r. cp;r and </J;r. with
m = I. 2. 3. 4 of the functions Au. Duand VI. respectively. are taken into account up to and
including I. Also. since the lowest modal number for sine function is I. then (23) becomes
a 8 x 8.6 x 6. 7 x 7. and 7 x 7 algebraic system for cases 1-4 respectively. The convergence
of the solutions is tested by comparison with higher order systems j ~ 2. Only negligible
differences were observed and it was decided to stop the calculations with j = I.

It is noted that when the plies with horizontal fibers are absent (r'z = rz) the terms

i = I. 2. 3.

in (12) are zero which means that the functions Anand Dn arc not present in equations
('I and D1 for j ~ I. Thus. eqns (12a,) and (12b,) in the 2-0 case become independent of
V•. This system therefore represents the bclwvior of the 2-0 case and all terms involving
V. disappear in this case.

NUMERICAL RESULTS AND DISCUSSIONS

As mentioned before. the critical strain of the one term approximation with different
modes of buckling is given by (18)-(21). Under certain conditions. as mentioned previously.
some of those equations reduce to Rosen's classical results (1956) for compressive buckling
strain of fibrous composites in the shear buckling mode.

For higher order approximation. (16) is solved numerically with given values of h
representing compression in the XI direction to obtain critical compressive strength of the
composite in the Xl direction.

To study the speeiul 2-0 case (r'z = r2) with uniaxial compression in the Xl direction
(h = 0). we note that in the absence of cross plies the spacing parameter '1 becomes a free
parameter and can be interpreted as a measure of wavelength of imperfections (Lagoudas
e/ al.• 1991). In that case. the effect of imperfections. normalized as the ratio rl/rt. on the
critical compressive strain cI for various modes of buckling given by the symmetry cases 1
4 is shown in Fig. 2. In this figure. C; is set to be 0.5 and the properties of glass (Er = 72.3
Gpa. I'r = 0.22) with two choices of epoxy. G", = 1.306 Gpa. v", = 0.302 (solid lines) and
G", = 1.0815 Gpa. Vm = 0.35 (dashed lines) arc selected. This figure clearly shows that in
the two-dimensional case the critical strains obtained from cases I and 2 coincide with cases
3 and 4 respectively showing that only shear and extensional modes of buckling arc present.
It is also observed that the resistance to fiber buckling of the composites can be improved
by increasing the shear modulus of the matrix. As reported in Lagoudas e{ al. (1991). the
minimum value of critical strain cI occurs in the limit of minute imperfections. i.e. 'I/r,
tends to zero. The detailed discussion about the 2-0 case can be found in Lagoudas e{ al.
(1991 ).

Considering the 3-0 case. the properties of glass/epoxy system (Er = 72.3 Gpa.
I'r = 0.22. Em = 2.92 Gpa and Vm= 0.35) is used. It is noted from the definition of the
normalized spacing ratios rJ/rt and rJ/rz in (23) that we can write rJ/rt = (Cf/C~)(r'Ifr',)

and rJ/r2 = (r'1fr'Z)(rJ/r,/C'f)("2/rZ). where 0 ~ (cr. C~) ~ I. This allows us to vary certain
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physic<ll p<lr<lllleters while keeping the relll<lining p<lr<lllleters lixed and thus determine the
eflcct of v<lriation of these p<lr<lllleters upon the critical compressive str<lin.

To study the occurrence of the modes with v<lrious symmetries during buckling the
critical str<lin d is plotted against the critical strain" in Fig. .I. In this ligure. the values of
par<lmeters used arc Cr = (':' = O.S. '1 = 1",. ,~ = lOr', and " = O.Sr, and therefore
rllr! = 0.1. It is observed that at the hcginning. cI is a monotonic decreasing function of ".
Also. as " increases from zero the hlll.:kling occurs either hy the symmetry case I or .I and
these coincide for a limited inverval of h. Thereafter. cases I and 4 coincide and determine
the critical condition.

To investig<lte the cfreet of ply layup on the solutions. critical strain d versus II. in
which JI == (r! -'!)/r!. for various values of h arc plotted in Figs 4 6. In those ligures
Cr = C~ = 0.5. " = r\. <lnd 1',11', = 1.0. The str<lins given in the horizontal direction in
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these ligures are, respectively. h = O. 0.04 and 0.07. It should be noted that perfect bond
between each layer is assumed. AIsIl, JI denotes the normalized thickness of the lamina with
horizontallihers that is present in one period in the X! direction. It is seen from Fig. 4 that
under uniaxial loading condition (h = 0) the huck ling strain determined by cithcr case I or
J. increases with JI. That is. additional resistance to liher buckling is provided by adjacent
plies as the thickncsses of these plies increase in thc X! direction. This phenomenon was
also found by Swanson (1990). Ilowever, as shown in Figs 5 and 6, when the strain h is
nonzero, the buckling strain d increases within an interval of JI and thereafter decreases
with JI. This observatillll is opposite to the result obtaincd by uniaxial compression as shown
in Fig. 4.

The effect of Iiber volume fraction of the laminas with horizontallibers on the critical
strain of the structure in the vertical direction is shown in Fig. 7. In this Iigure critical strain
d is plotted as a function of el' with a Iixed value of h. The parameters used in this figure
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Fig. 5. Budding strain" vs II for" = O.O~. c; = C~ = 0.5. r', = r~, and r, = r J •
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Fig. 6. BlIl:kling slr,lIn cI vs JI ror" = 0.07. c; = c~ = 0.5." = " and r, = ',.

arc h = O. c; = 0.5. r'~ = O.5r~. r'~ = 101'1 and r\ = '1' The resull shows that the critical
compressive strain d nlOnotonic<llly incre<lses with C:' <lnd that buckling is governed by
either case I or 3 both of whid! predict almost the same value.

Cl>NCLUSION

The Fourier-series-based analytie<ll approach appe,lrs to be capable of analysing the
occurrence of microbuckling in cross-ply composite laminates. The difliculty of solving
separate problems in fiber and matrix ph<lses and m<ltching conditions across the interfaces
is overcome. Ilowever. this has been achieved at the expense of assuming a rectangular
periodic arr<lngement of matrix and libers at the microstructural levcl. Computationally
the mcthod is ellicicnt and conveys rapidly. The numerical rcsulls have the expected behavior
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and as shown in prior investigation (Lagoudas et al., 1991), agree substantially with
experimental results.
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APPENDIX A

Hookc's law is expressed as

(1 = U:.

wherc

(1 = (17 11 .(1".<7 11.17,.,.17". <7 I ,)T.

I: == (/:1I.f.".F.II':!I:21.21:1 ... 2,:I,)r.

and

I (,111, ,1u, "11, '1U,) ..
I:" == ~ ,'';'- + 'v +:IV ';;'X'- • I.j.k = 1.2.3.

_ (1.\ I (J,ll ("'," J

Ilere u, are the components of the disp(;lcement wclor u dclincd by II, = X, - X,. Also

o o o
- I

VH
0 0 0

E, - E,

0 0 0
E,

L=S-I=
symm.

Gu
0 0

Gil
0

Gil

Ell E" Ell 0 0 0

E" £" 0 0 0

E,., 0 0 0:;

symm. GlJ 0 0

Gil 0

G
"

where S is the compliilnce millrix for an orthotropic clastic medium.
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f I x )

Fig. A I. Fourier series representation.

APPENDIX B

Dctining fIx) 'IS an even periodic function (see Fig. AI) it can be e,ltpressed as a series of cosine terms:

. I' \" nt:X
I(x) = :./,,+ _ I. cos -Fr".- ,

whcrc

I;. = 2("d+ (h -d)"1 = 11>d+ (2h -1d)" = sh'ldcd area.

. 2 J'/' . lilt X 1(" -,,) . IIltd1.=, /(x)cos-,' dx=--- .. -- ... Sln.,.• 11=1.1.3....
, l) , lin r

( Ill)

( (11)

(IB)

Rcfel'l'ing to Fig. I (a), let 1:"" he the a,ltial Young's modulus fi'r the laminas wilh verlicallihers. which is a periodic
functioll inlhc X, directioll. so lhat wc have from (Ill) (113):

Similarly. let /,.,;, he the axial Young's modulus for the layers with horizonlallihcrs then

." . [. (r") .. J' ~, \. lilt X,t.,,(.\,) = £, . +£.. (I-r,;r,) +(£,-£.. ) L:I" cos-··.--.
" n_ I "

We now consider Ihe composite which is also periodic in the X, dirl'Ction:

,. 1/11.\' •
E" (X,. X,) = E'" (r',lr,) + E~ d,\' ,1I I -r',jr,) + lEi, - E~ ,(X,») L :I~'I cos ---.'.

II_I '1

r'. ,. IIltX,
I:""(X,,,\',) = £',,(X,) -'+£~J(I-r',/r,)+[£UX')-£~J)L :I~"cos-:.

,! ft. I '1

where

(., 2. nt[r;
!X. = .,-Sln -. i = U.3.

_1t "

APPENDIX C

The diiTerentiall1pcrator in eqn (7) has the following components

[~
Y 1! ~,,]"

2' = ~" 2'" !i' :J •

,.\ 2':\ !l'1J

( 114)

( (15)

(116)

(B7)
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,0' c' c'
:1'" = [(I - 3h)E" -dEI ,!:;-;- +1(I-2h)G " - (hE" +dE,,)!:;-;- + I( 1-2h)G" - (hEll +dEJl )! ~.

eX; ~fi ~Xi

("

:1'" = (I-2/1l' '(G,,+Ed~.
C.\ I C.\ ~

APPENDIX D

• n • ~. nn.r.1 T nn.r)
11,,(.\.> = [(1- 3h)E" -dE,.] +( 1-31>)( l-r,lr,) r O. cos --:; r tr., cos -- .

.. _I '.1 ".0 '.1
., ". ~ nnX, ~ nnX,

PdX,) = (I-_/l)G"-I>£,.-cl£,,I+cI(r,lr,) t... C:cos--:; t... tr.,cos-- .
.. _I " ... (1 '.

[
• nnx'J' nnX,II, ,(X.> = (I -31>)(£~, - \O~l - r O:CllS --' :; r II",. cos ---'-.

~ " ... 1 T., ... u - '.1

• [ , h ~. nnx'J ~ nnX,11,,(.\ ,) = -cI (.C~-E ,,)+ t... (:cos--, :; t... 11",.1:0s -----.
• - ..... I '1 II_U '.

· ..." . ~. I/nK. ~ nnK,
11 11 (,\ ,) = [( 1- 2d)(".-dl:" -hi:, oJ -1>(1 -r·lr.) t... /).I:os-" :; t... 1r.,l:oS ---- •

.. .. ,,_1 " It_O r,

· .". .,;.;. I/nX,,;.; nnK,
11,,(.\,) '" [(1-3d)/:,,-hf.,.I+(1-3c1j(r,lr,) t... C:I:US r :; t... Ir"l:us r .

.. _I 1 ,,_11 I

_ [., ,. ~ ... I/nK'J _,;.; . .nnK, .II, ,( K ,) - - I> (f." - ,f)" l - t... f). eus r - = t... {I"" cos r •
If-I I .. _II .1

[
I'. 'h \~ ••.. IInx,J-~ .. "n.\',II,.(X,) = (I-3d) (,C ,,-[:,,)+ t... (.eus ----- = t... Irueos -- .

.. _I '1 n_1) '1

E',', = £~,r',lr,+ JIJ~(I-r',lr,).

£':, = £~,(I-r',lr,)+ JC~(r',lr,).

h" = (1-21»"( I -2d)' '(G,. + E,.>.

1>" = [(1-2I»G,,-(hE,,+d£,,)].

h" = [(I-2d)G,,-(I>£,,+d£'I>I.
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